All known examples of 4d quantum field theories with asymptotic freedom or asymptotic safety at weak coupling involve non-abelian gauge interactions. We demonstrate that this is not a coincidence: no weakly coupled fixed points, ultraviolet or otherwise, can be reliably generated in theories lacking gauge interactions. Implications for conformal field theory and phase transitions are indicated.
Price of asymptotic freedom.-To establish our claim, we first revisit asymptotic freedom of general, renormalisable particle theories in four dimensions involving gauge fields, fermions, or scalars. Without loss of generality, we limit the analysis to the canonically marginal interactions which are the gauge, the Yukawa, and the scalar self-couplings {g i , Y A IJ , λ ABCD }, respectively. We assume canonically normalised kinetic terms with gauge couplings g i for each gauge factor. Our conventions for the most general Yukawa and scalar couplings are
where Ψ J denote Weyl fermions, and Φ A real scalars. Matter fields may be charged under the gauge groups.
Next, we turn to quantum effects and the renormalisation group running of couplings. The point in coupling space where all couplings vanish, the free theory, is always a fixed point of the renormalisation group. Then, for any theory to be free at asymptotically high energies, the free fixed point must be ultraviolet and the beta functions negative for sufficiently small couplings,
with µ the renormalisation group scale. After scaling the loop factor into the couplings, as we shall consistently do throughout, the one-loop gauge beta functions is [1] [2] [3] 
Non-abelian gauge fields contribute negatively and proportionally to the quadratic Casimir of the gauge group in the adjoint (C Gi 2 ). Matter fields contribute positively and proportionally to their Dynkin indices (S 2 ). The key feature of non-abelian theories is that (3) may have either sign, depending on the matter fields, including (2) . As is well-known, the latter is the origin for asymptotic freedom in general gauge theories with matter [3] [4] [5] . Next, we establish that (3) is also the unique origin for weakly interacting fixed points and asymptotic safety. [19, 20] 
where the bar denotes complex conjugation, and summation over repeated indices is implied. We have also introduced the quadratic combinations Y
The first and second term in (4) arise from the wave function renormalisation of the fermion and scalar propagators, whereas the last term stems from vertex corrections. We note that the Yukawa couplings and their flows (4) transform as tensors under a change of base, i.e. general linear transformations of the fields which leave (1) invariant.
We shall now focus our attention on the flow for the sum of the squared absolute values of all Yukawa couplings,
for if we are to have all Yukawa beta functions negative, then this combination must be negative as well. We emphasize that the flow (5) and the conclusions drawn from it are independent of the choice of field base. A lower bound for (5) follows by using that Re z 2 ≤ z * z for any complex number z, whence
Next, we introduce the three real trace invariants
, and
. By definition, T 2 may have either sign while T 1 , T 3 ≥ 0. In terms of these, and together with (6), we find that the Yukawa beta function (5) is bounded from below,
Recalling that the Yukawa couplings are symmetric in the fermionic indices, we rearrange the sums as follows
As is evidenced by the explicit expressions, both (8) and (9) are sums of absolute values squared and therefore manifestly semi-positive definite,
Most importantly, the bounds (10) dictate positivity for the flow (7) close to the Gaussian,
and establish that asymptotic freedom is unavailable. Had we substituted Weyl by Dirac fermions in (1), we would have found the lower bound
, instead of (7). For theories with Dirac fermions only, the non-negativity of T 1 together with T 2 +T 3 > 0 is sufficient to conclude the absence of asymptotic freedom [6] . Clearly, the bounds for Weyl and Dirac fermions are inequivalent: while the former entail the latter, the converse is not true.
One might wonder whether scalar self-interactions may upset the conclusion. Scalar couplings contribute to the Yukawa beta function starting at two-loop order. Therefore, if they were to reliably generate asymptotic freedom, they must do so along a renormalisation group trajectory where they are parametrically larger than the Yukawa couplings. Assuming this to be the case, we can then ignore the Yukawa contribution to the running of the quartics. In other words, the scalar sector must become asymptotically free in its own right. This, however, is known to be impossible [6] . We reproduce here the line of reasoning as some of this is needed later.
To leading order in perturbation theory, a scalar theory with quartic interactions (1) has the beta function [4] 
where β ABCD ≡ µ∂ µ λ ABCD with λ fully symmetric in its indices, and the sum running over all permutations. For clarity, in the following we shall write out any index sums explicitly. Vacuum stability requires that for each A we must have λ AAAA ≥ 0, or else the potential becomes unbounded in the φ A direction. Together with (12) we have
showing that vacuum stability is incompatible with asymptotic freedom, for which we would need this beta function to be negative, (2) . Let us then switch off all such couplings identically, λ AAAA (µ) = 0. In this scenario, their flows and all couplings appearing on the right-hand-side of (13) have to vanish, or else a non-zero value for λ AAAA is generated by fluctuations. Specifically, taking B = C it follows that λ AABB (µ) = 0 at all scales, which again necessitates β AABB = 0. Since these beta functions are the sums of squares,
the pattern percolates: each and every coupling appearing on the right-hand-side vanishes, λ ABCD (µ) = 0, and the theory remains free at all scales [6] . Thus, we conclude that the Coleman-Gross theorem holds true for theories with Weyl fermions, and asymptotic freedom cannot be achieved without non-abelian gauge fields.
Price of interacting fixed points.-We are now in a position to discuss weakly interacting fixed points of general, renormalisable theories in four dimensions involving gauge fields, fermions, or scalars. At weak coupling, anomalous dimensions are small and canonical power counting remains applicable. It is then sufficient to establish weakly-coupled fixed points (g * , Y * , λ * ) for the canonically marginal couplings of the theory, which are the perturbatively-controlled solutions of
other than the Gaussian, where at least some or all couplings are non-zero [16] . For general gauge theories, a full classification of weakly coupled fixed point solutions to (15) has been given in [8] . Perturbative fixed points are Table 1 . Fixed points of general weakly interacting quantum field theories in four dimensions. In cases ii) and iii), scalar self-interactions, if present, must take fixed points λ * ABCD compatible with vacuum stability [8] .
either free (the Gaussian), or interacting in the gauge sector (Caswell-Banks-Zaks fixed points) [21, 22] , or simultaneously interacting in the gauge and the Yukawa sector (gauge-Yukawa fixed points). Fixed points may be partially or fully interacting, depending on whether some or all gauge couplings take non-zero values. Scalar self interactions must take free or interacting fixed points of their own, compatible with vacuum stability (Tab. 1). BanksZaks fixed points are always infrared, yet the Gaussian and gauge-Yukawa fixed points can be infrared or ultraviolet. In particular, asymptotic safety at weak coupling arises solely via gauge-Yukawa fixed points [8] .
We emphasize that all weakly-interacting fixed points of Tab. 1 are controlled by the one-loop gauge coefficient in (3). Its smallness, for suitable matter, ensures strict perturbativity [16] . We conclude that weakly interacting fixed points and asymptotic safety in general non-abelian gauge theories coupled to matter have the same dynamical origin as asymptotic freedom.
No-go-theorem for scalar-Yukawa fixed points.-In order to complete our claim, and inasmuch as asymptotic freedom cannot arise without non-abelian gauge fields, we finally must show that weakly interacting fixed points cannot arise in the absence of gauge interactions. To that end, we return to scalar-Yukawa theories with interaction Lagrangean (1) . Assuming that Yukawa and scalar couplings are small, we must have µ∂ µ Y A | * = 0 at the leading non-trivial order in perturbation theory. Consequently, the bounds (10), (11) must be saturated. However, (10) only vanish for vanishing Yukawa couplings,
This is understood as follows. Being a sum of absolute values squared, the expression (8) (8) and (9) . We conclude that the only available fixed point in the Yukawa sector at one-loop, without gauge fields, is the Gaussian, and it must be infrared.
Once more, scalar couplings cannot upset this conclusion: scalar selfinteractions contribute to the running of Yukawas starting at two loop. In principle, they could balance the one-loop Yukawa terms provided they are parametrically larger while still remaining perturbative in their own right. For such a mechanism to be operative, some scalar quartics must take weakly interacting fixed points by themselves. Under this assumption we can safely neglect the parametrically smaller Yukawa contributions. Let us then pick A, B such that for some C, D we have λ * ABCD = 0. This implies the strict inequality
as this is a sum of squares of which at least one entry is non-zero. Combining (17) with (14) we conclude that the flows of λ ABAB and λ AABB are strictly positive, which is in conflict with (15) , and the assumption of a weakly coupled fixed point in the scalar sector cannot be maintained. This establishes that the sole perturbativelycontrolled fixed point is the Gaussian, which is invariably infrared. Ultimately, in any scalar-Yukawa theory the unavailability of weakly interacting fixed points and asymptotic safety has the same dynamical origin as the unavailability of asymptotic freedom. Discussion.-In this Letter, we have investigated free or weakly interacting fixed points of 4d particle theories with gauge fields, fermions, or scalars. From the viewpoint of high-energy physics, our findings establish that asymptotic freedom and asymptotic safety are two sides of one and the same medal. Quantum fluctuations of matter fields alone, with or without photons, are incapable of generating a well-defined and predictive short-distance limit at weak coupling. Rather, the unique driver for viable ultraviolet completions -i.e. fixed points of the renormalisation group with asymptotic freedom or asymptotic safety -are the fluctuations of non-abelian gauge fields. Hence, non-abelian gauge fields are the price for any particle theory to remain strictly perturbative and predictive at asymptotically high energies. Similarly, from the viewpoint of low-energy physics, our results imply that weakly-coupled infrared fixed points and second order (quantum) phase transitions cannot arise without gauge fields. Thus, the universality class for any such phase transition contains gauge interactions.
Finally, our results also have implications for conformal field theories in four space-time dimensions. Here, conditions under which 4d scale invariance entails full conformal invariance are of particular interest [23] [24] [25] [26] . Using techniques related to the proof of the a-theorem [24, 25] , it has been demonstrated that any relativistic and unitary four-dimensional theory that remains perturbative in the ultraviolet or infrared asymptotes to a conformal field theory [26] . All weakly interacting fixed points discussed in this work (Tab. 1) belong to this category [8] . This leads to the important conclusion that elementary gauge fields are the price for interacting and strictly perturbative 4d conformal field theories.
